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Abstrat
The eets of ombined external eletri and magneti elds on elasti ollisions in ultraold
LiRb mixtures is studied using reently obtained, experimentally veried potentials. Our analysis
provides both quantitative preditions for and a detailed physial interpretation of the phenomena
arising from eletri-eld-indued interations. It is shown that the eletri eld shifts the positions
of intrinsi magneti Feshbah resonanes, generates opies of resonanes previously restrited to
a partiular partial-wave ollision to other partial wave hannels, and splits Feshbah resonanes
into multiple resonanes for states of non-zero angular momenta. It was reently observed that
the magneti dipole-dipole interation an also lift the degeneray of a p-wave state splitting the
assoiated p-wave Feshbah resonane into two distint resonanes at dierent magneti elds. Our
work shows that the splitting of the resonanes produed by an applied eletri eld is more than
an order of magnitude larger. This new phenomenon oers a omplementary way to produe and
tune an anisotropi interation and to study its eet on the many-body physis of heteronulear
atomi gases.
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I. INTRODUCTION
The disovery of magneti eld tunable Feshbah resonanes (FRs) has led to many
groundbreaking experiments in the eld of ultraold atomi and moleular physis [1, 2,
3℄. Magneti FRs provide a powerful tool to ontrol mirosopi interations in ultraold
quantum gases [4, 5℄, oer an extremely sensitive probe of interatomi interation potentials
for ollisions at ultraold temperatures [6, 7, 8℄, and an be used to reate ultraold moleules
by oherently linking ultraold atoms [9, 10℄. FRs arise due to oupling between a quasi-
bound moleular state in a losed ollision hannel and the sattering wave funtion of the
olliding atoms in an open hannel. Beause the quasi-bound states and the free atomi
pair have, in general, dierent magneti moments, both their absolute energy and relative
energy dierene an be tuned using an external magneti eld. When the energy of the
quasi-bound state is degenerate with the energy of the free atomi pair, a resonant sattering
proess ours, the s-wave sattering length diverges and both elasti and inelasti ollisions
are dramatially enhaned. Reent theoretial work has also demonstrated the possibility
of induing FRs in heteronulear mixtures of atomi gases by applying a stati eletri eld
[11, 12℄. The mehanism is based on the interation of the instantaneous dipole moment
of the heteronulear ollision omplex with the external eletri eld. This interation is
distint from and, for bi-alkali mixtures with a large eletri dipole moment, muh larger
than that responsible for eletri eld ontrol of ultra-old ollisions based on the eletri
polarization of olliding atoms and the resulting dipole-dipole interation [13, 14, 15℄. The
interation onsidered here, for heteronulear ollisions, ouples ollision states of dierent
orbital angular momenta, and the oupling beomes very signiant near a FR. This oupling
gives rise to new s-wave sattering resonanes indued by the presene of FRs in higher
partial wave states and an shift the positions of the quasi-bound states resulting in a
shift in the positions of the intrinsi magneti FRs (i.e. those present in the absene of
an external eletri eld). Moreover, the eletri eld an indue a strong anisotropy of
ultraold sattering by exerting a torque on the ollision omplex of ultraold atoms.
The use of ombined eletri and magneti elds to ontrol interatomi and intermoleu-
lar interations has several distint advantages over using magneti elds alone. It has been
demonstrated that the ombination of eletri and magneti elds may be used to ontrol
both the position and width of FRs independently even for homonulear ollisions, leading
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to omplete ontrol over the harater of ultraold ollisions [15℄. In addition, for the rele-
vant eld strengths onsidered here (≤ 100 kV/m and ≤ 1 kG), the eletri elds an be
varied muh faster than the magneti elds, in large part, beause the orresponding eld
energy density is 10 times smaller. Eletri elds indue anisotropi interations and angle-
dependent sattering at ultra-old temperatures, whih may aet the dynamis of quantum
degenerate gases in unantiipated ways. It is also interesting to note that the eletri-eld
ontrol of heteronulear ollisions an be ahieved at elds low enough that they do not
perturb the separated atoms or non-polar moleules sine they interat signiantly with
eletri eld only when in a ollision omplex. For these reasons, eletri eld ontrol of
interatomi interations may be preferable to magnetially or optially tunable sattering
resonanes in ertain appliations.
Silber et al. have reently reated a quantum degenerate Bose-Fermi mixture of
6Li and
87Rb atoms in a magneti trap [16℄ and deteted inter-speies FRs [17℄. These resonanes
may eventually be useful to improve the eieny of sympatheti ooling in this mixture
and for the study of boson-mediated BCS pairing [18℄. These FRs also provide a method
to reate loosely bound LiRb dimers. LiRb moleules have a relatively large eletri dipole
moment (up to 4.2 Debye) [19℄, whih makes the LiRb system a good andidate for researh
on ultraold dipolar gases and the experimental study of eletri-eld-indued FRs [11, 12℄.
Reently, we have generated aurate singlet and triplet interation potentials for ultraold
ollisions in
6
Li
87
Rb gaseous mixtures by tting the experimentally measured FRs [7℄. In
this work, we use these potentials to investigate in detail the eets of ombined external
eletri and magneti elds on elasti ollisions in ultraold LiRb mixtures. To guide future
experimental studies, we predit the positions and widths of eletri-eld-indued FRs for
several spin states and explore the eet of the orientation of the eletri eld with respet
to the magneti eld on ultraold elasti ollisions. The work presented here represents the
rst quantitative analysis of eletri-eld-indued resonanes based on preise inter-atomi
potentials. In addition, our analysis provides insights into the detailed physial mehanism
of eletri-eld-indued interations in ultraold binary mixtures of alkali metal atoms. We
report for the rst time the observation that the oupling indued by eletri elds splits FRs
into multiple resonanes for states of non-zero angular momenta. Reently it was observed
that the magneti dipole-dipole interation an lift the degeneray of a p-wave state [20℄.
This splits a p-wave FR into two distint resonanes at dierent magneti elds [20, 21℄.
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The splitting of the resonanes studied here is produed only in heteronulear ollisions by
a oupling between dierent quasi-bound states, is ontinuously tunable using an applied
eletri eld, and is more than an order of magnitude larger than the splitting indued by
magneti dipole-dipole interations. This new phenomenon oers a omplementary way to
produe and tune an anisotropi interation and to study its eet on the many-body physis
of heteronulear atomi gases.
II. THEORY
The Hamiltonian for the
6
Li
87
Rb ollision system (or any bi-alkali) in the presene of
superimposed eletri and magneti elds is
Hˆ = Hˆrel + VˆE(R) + VˆB + Vˆhf (1)
where Hˆrel aounts for the relative motion of the atoms, VˆE(R) desribes the interation
between LiRb and an external eletri eld, VˆB models the interation of the ollision om-
plex with an external magneti eld, and Vˆhf represents the hyperne interations. Hˆrel an
be written as
Hˆrel = − 1
2µR
∂2
∂R2
R +
lˆ2(θ, φ)
2µR2
+ Vˆ (R) (2)
where µ is the redued mass of the olliding atoms, R is the interatomi distane, lˆ is the
operator desribing the rotation of the ollision omplex and the angles θ and φ speify the
orientation of the interatomi axis in the spae-xed oordinate frame. Here, we neglet the
magneti dipole-dipole interation sine it has a negligible eet on the observables desribed
in this paper. The atomi and moleular quantum numbers used in this artile are dened
in Table I.
We expand the total wave funtion of the diatomi system in a fully unoupled, spae-
xed basis set:
ψ =
1
R
∑
α
∑
l
∑
ml
Fαlml(R) |lml〉 |α〉 (3)
where Fαlml(R) |lml〉 and |α〉 = |ILiMILi〉|SLiMSLi〉|IRbMIRb〉|SRbMSRb〉 are the radial basis
states and the atomi spin states, respetively. The substitution of this expansion in the
Shrödinger equation with the Hamiltonian (1) results in a system of oupled dierential
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equations [
d2
dR2
− l(l + 1)
R2
+ 2µǫ
]
Fαlml(R) =
2µ
∑
α′
∑
l′
∑
m′
l
〈
αlml
∣∣∣Vˆ (R) + VˆE(R) + VˆB + Vˆhf
∣∣∣α′l′m′l
〉
Fα′l′m′
l
(R) (4)
whih we solve at xed values of total energy ǫ.
The eletroni interation potential Vˆ (R) an be represented as
Vˆ (R) =
∑
S
∑
MS
|SMS〉VS(R)〈SMS| (5)
where VS(R) denotes the adiabati interation potential of the moleule in the spin state S.
To evaluate the matrix elements of the interation potential Vˆ (R), we write the atomi spin
states |ILiMILi〉|SLiMSLi〉|IRbMIRb〉|SRbMSRb〉 in terms of the total eletroni spin
|ILiMILi〉|SLiMSLi〉|IRbMIRb〉|SRbMSRb〉 =
∑
S
∑
MS
(−1)MS(2S + 1)1/2

 SLi SRb S
MSLi MSRb −MS

 |ILiMILi〉|IRbMIRb〉|SMS〉 (6)
and note that
〈SMS|Vˆ (R)|S ′M ′S〉 = VS(R) δSS′δMSM ′S . (7)
The term enlosed in parentheses in Eq. 6 denotes a 3j-symbol. The operator Vˆ (R) is
diagonal in the nulear spin states and l and ml quantum numbers.
The operator VˆE(R) an be written in the form
VˆE(R) = −~E · ~d = −E(eˆE · eˆd)
∑
S
∑
MS
|SMS〉dS(R)〈SMS| (8)
where eˆE and eˆd are the unit vetors pointing along the eletri eld and dipole moment
of the LiRb dimer respetively, dS denotes the spin dependent dipole moment funtions of
LiRb, and E is the eletri eld magnitude. Clearly, the eletri eld oupling depends on
the orientation of the eld with respet to the dipole moment. Speially, eˆE · eˆd = cos(χ)
where χ is the angle between ~E and ~d. If the eletri eld and dipole moment vetors are
oriented at angles γ and θ with respet to the quantization axis (taken to be along the
zˆ-axis), then this term an be written in terms of the rst-degree Legendre polynomial as
eˆE · eˆd = cos(χ) = P1(cos(χ)) (9)
=
4π
3
[
Y ∗1−1(γ, φγ)Y1−1(θ, φθ) + Y
∗
10(γ, φγ)Y10(θ, φθ) + Y
∗
11(γ, φγ)Y11(θ, φθ)
]
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where the Yxx are spherial harmonis and we have used the spherial harmoni addition
theorem. The azimuthal angles, φγ and φθ, are measured from the positive x-axis to the
orthogonal projetion of the
~E and ~d vetors in the x-y plane. Figure 1 illustrates this
oordinate system.
The dipole moment funtions are modeled by
dS(R) = D exp
[−α(R− Re)2] (10)
with the parameters Re = 7.2 aB, α = 0.06 a
−2
B and D = 4.57 Debye for the singlet state,
and Re = 5.0 aB, α = 0.045 a
−2
B and D = 1.02 Debye for the triplet state, where the Bohr
radius is aB = 0.0529177 nm. These analytial expressions approximate the true funtions
are were t to the numerial data for the dipole moment funtions omputed by Aymar and
Dulieu [19℄.
The ollision dynamis in LiRb system depends on the relative angle (γ) between the
eletri and magneti elds. Without loss of generality, we an assume that
~E lies in the
x-z plane, i.e., φγ = 0. The matrix elements of VˆE(R) are therefore evaluated using the
expressions
〈lml|eˆE · eˆd|l′m′l〉 =
1√
2
sin γ(−1)m′l
√
(2l + 1)(2l′ + 1)

 l 1 l′
0 0 0



 l 1 l′
ml −1 −m′l


(11)
+cos γ(−1)m′l
√
(2l + 1)(2l′ + 1)

 l 1 l′
0 0 0



 l 1 l′
ml 0 −m′l


− 1√
2
sin γ(−1)m′l
√
(2l + 1)(2l′ + 1)

 l 1 l′
0 0 0



 l 1 l′
ml 1 −m′l


and
〈SMS|

∑
S′′
∑
M ′′
S
|S ′′M ′′S〉dS′′〈S ′′M ′′S |

 |S ′M ′S〉 = dS δSS′δMSM ′S . (12)
It is important to note that the eletri eld oupling operator, VˆE(R), has a spin struture
idential to the eletroni interation potential, Vˆ (R). Namely, they are both diagonal in
the total eletroni spin and its z projetion. However, as is lear from Eq. 11, the geometri
fator, eˆE ·eˆd, introdues this additional eletri-eld-indued oupling only between states of
dierent orbital angular momenta. The rst 3j-symbol in Eq. 11 is non-zero for l+ l′ = ±1.
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The seond 3j-symbol in Eq. 11 selets states with orbital angular momenta projetions
diering by ∆ml = ml −m′l = ±1, 0. If the eletri eld is direted along the z-axis (the
quantization axis) then γ = 0 and Eq. 11 redues to
〈lml| cos θ|l′m′l〉 = δmlm′l(−1)ml
√
(2l + 1)(2l′ + 1)

 l 1 l′
−ml 0 ml



 l 1 l′
0 0 0

 . (13)
In this ase only those states with the same orbital angular momenta projetions are oupled.
In the absene of an eletri eld, the Hamiltonian (negleting magneti dipole-dipole
interations) preserves the projetion of the total angular momentum along the quantiza-
tion (magneti eld) axis, i.e. the sum MSLi +MSRb +MILi +MIRb + ml is onserved. In
addition, the orbital angular momentum is also onserved. Therefore, the intrinsi (E = 0)
FRs whih are present for a partiular atomi spin state arise from its oupling to the set
of bound states with the same total angular momentum projetion and orbital angular mo-
mentum. The energy of the bound states relative to the threshold state and their relative
magneti moments determine the magneti elds at whih resonanes will our and the
strength of the oupling to a partiular bound state determines the width of the resulting
resonane. The eletri eld indues additional ouplings between the threshold state and
bound states of dierent angular momenta but still within the same set of states sharing the
same total spin angular momentum projetion mF =MSLi +MSRb +MILi +MIRb . The result
is that FRs previously restrited to a partiular partial-wave ollision will appear on adja-
ent partial wave sattering states. The widths of these eletri-eld-indued FRs depend
on the strengths of the ouplings and therefore on the magnitude of the eletri eld, E. In
addition, the eletri eld oupling among the bound states (with the same total mF value)
will shift their absolute energies and therefore the positions of the intrinsi FRs. Moreover,
this oupling and the resulting shifts are, in general, dependent on ml and, as a onsequene,
resonanes assoiated with bound states with l > 0 will split into l + 1 distint resonanes.
The interation of the atoms with an external magneti eld B is desribed by
VˆB = 2µ0B
(
SˆZLi + SˆZRb
)
− B
(
µLi
ILi
IˆZLi +
µRb
IRb
IˆZRb
)
(14)
where B is the magneti eld strength (direted along the z-axis), µ0 is the Bohr magneton
and µLi(Rb) denote the nulear magneti moments of Li (Rb). SˆZLi(Rb) and IˆZLi(Rb) give the
z omponent of the operators desribing the eletroni and nulear spins of Li (Rb), SˆLi(Rb)
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and IˆLi(Rb), respetively. The hyperne interation Vˆhf an be represented as
Vˆhf = γLiIˆLi · SˆLi + γRbIˆRb · SˆRb (15)
where γLi and γRb are the atomi hyperne interation onstants: γLi = 152.14 MHz and
γRb = 3417.34 MHz (where we work in units with ~ = 1).
The operator representing the magneti eld interation is diagonal in the representation
|ILiMILi〉|SLiMSLi〉|IRbMIRb〉|SRbMSRb〉, while the matrix elements of the hyperne intera-
tion operators are not but an be readily evaluated using the relations:
IˆLi · SˆLi = IˆZLiSˆZLi +
1
2
(IˆLi+SˆLi− + IˆLi−SˆLi+) (16)
and
IˆRb · SˆRb = IˆZRbSˆZRb +
1
2
(IˆRb+SˆRb− + IˆRb−SˆRb+). (17)
Iˆ± and Sˆ± are the raising and lowering operators. Beause of these terms, the matrix of the
Hamiltonian in the basis |αlml〉 does not beome diagonal as R → ∞. Therefore, we nd
the basis whih diagonalizes the matrix of VˆE + VˆB + Vˆhf , and transform the solutions of
Eq. 4 into this basis. At this point, the boundary onditions are applied and we onstrut
the sattering S-matrix. This proedure has been desribed in Ref. [22℄. The sattering
matrix thus obtained yields the probabilities of elasti and inelasti sattering of Li and Rb
in the presene of eletri and magneti elds.
III. RESULTS
The LiRb mixture is an important system for the study of both ultraold atomi and
moleular gases. A quantum degenerate Bose-Fermi mixture of
6
Li and
87
Rb atoms has
been reently reated [16℄ and may be important for researh of ultraold fermioni and
bosoni mixtures. By tuning an external magneti eld through a FR, researhers an
reate an ensemble of LiRb moleules, a polar dimer, from this gaseous mixture. Sine LiRb
moleules have a large eletri dipole moment, the LiRb system is also a good andidate for
the researh of ultraold dipolar gases and the experimental study of eletri-eld-indued
FRs [12℄. Motivated by these features and the availability of aurate potentials [7℄, we
analyze the ollision properties of LiRb mixtures in the presene of both magneti and
eletri elds.
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As disussed above, in the absene of eletri elds, dierent partial wave states |lml〉
of the LiRb ollision omplex are unoupled and s-wave sattering entirely determines
the ollision dynamis in ultraold LiRb gases. The presene of an external eletri eld,
however, indues ouplings between states of dierent orbital angular momenta with ∆l =
±1. As a result, a resonant enhanement of the s-wave ross setion appears at magneti
elds near intrinsi p-wave resonanes. Figure 2 shows the magneti eld dependene of s-
and p-wave elasti ross setions for Li and Rb atoms in the spin state |1
2
, 1
2
〉6Li ⊗ |1, 1〉87Rb
(where |f,mf〉 is the usual notation for the atomi hyperne states) omputed at zero eletri
eld and at E = 100 kV/m. Here the eletri eld is direted along the quantization axis
(γ = 0). In the presene of the 100 kV/m eletri eld, an s-wave resonant peak appears
(indiated at A) at the magneti eld of 877.50 G arising from an intrinsi p-wave resonane.
We refer to this resonane as an eletri-eld-indued Feshbah resonane. Figure 3 shows
this feature in more detail. We present in Table II the positions and widths of eletri-eld-
indued FRs for several atomi spin states of the
6
Li
87
Rb system at magneti elds below
2 kG. For eah resonane, we extrat the position (B0) and width (∆B) from the magneti
eld dependene of the sattering length.
a(B) = abg
(
1− ∆B
B0 −B
)
(18)
where abg represents the bakground sattering length. In this alulation, we also observe
new p-wave resonanes indued by the oupling to a d-wave state, and we nd that these
p-wave resonanes give rise to new s-wave eletri-eld-indued FRs, denoted by (d) in
Table II.
The width of the eletri-eld-indued FRs is determined by the strength of the oupling,
whih is, in turn determined by the magnitude of the eletri eld. In Fig. 4, we plot the
width of the s-wave resonane (shown in Fig. 3) indued by the intrinsi p-wave resonane
near 882 G as a funtion of the eletri eld magnitude. We nd that the width an be well
represented by a quadrati funtion of E, at least for the eletri elds below 200 kV/m,
whih suggests that this indued resonane arises from an indiret oupling [23℄.
The eletri eld not only indues new resonanes but also shifts the position of intrinsi
magneti FRs. Figure 2 shows that the interation of LiRb dipole moment with the eletri
eld shifts the position of both the s- and p-wave resonanes. At B and at C an intrinsi s-
wave resonane is shifted to higher magneti elds (orresponding to a shift of the assoiated
9
bound state to lower energy) due to the eletri eld. At D an intrinsi p-wave resonane
is shifted to lower magneti elds (orresponding to a shift of the assoiated bound state to
higher energy). For the most part, the shift of the FR positions arises from the oupling
between bound states whereas the oupling of a given bound state to the sattering state
results in a broadening of the assoiated eletri-eld-indued resonane. We note that the
shift of magneti FRs at higher magneti elds (e.g. C) is more signiant than the shift at
lower magneti elds (e.g. B). This generi behavior results from the fat that resonanes
assoiated with higher magneti elds are typially more deeply bound than those assoiated
with lower magneti elds. As a result, the wave funtion of the bound state giving rise to
FRs at higher elds samples smaller interatomi distanes where the dipole moment funtion
is muh larger.
Another example of the shift indued by the eletri eld ouplings is shown in Fig. 5 for
atoms in the atomi spin state |1
2
,−1
2
〉6Li⊗|1,−1〉87Rb. An eletri eld of 30 kV/m is large
enough to shift the position of this s-wave resonane by almost 2 G - muh larger than its
width - while a eld of 100 kV/m produes a shift of almost 9 G. It is important to note that
this s-wave resonane shifts to lower magneti elds as the eletri eld inreases, and this
is opposite to the shift of the s-wave resonanes shown in Fig. 2. The shift of a resonane
results from level repulsion between the losed hannel bound states and therefore depends
on the proximity, position, and oupling strengths of the nearby bound states. Therefore,
the diretion of the resonane shift and its dependene on the eletri eld magnitude do not
exhibit a generi behavior but depend on the partiular environment of a given resonane.
These shifts provide a way to dramatially and rapidly modify the s-wave sattering
length by tuning into and out of an intrinsi magneti eld resonane. Fig. 6 presents two
suh tuned resonanes arising from the variation of the eletri eld for atoms in the atomi
spin state |1
2
, 1
2
〉6Li ⊗ |1, 1〉87Rb. This gure shows the ross setion for s-wave ollisions as
a funtion of the eletri eld strength with the magneti eld xed at 1066 G (solid line)
and 878 G (dotted line). The solid urve shows a large resonane feature due the intrinsi
magneti FR at 1067 G whih shifts to higher magneti eld (lower absolute energy) as
the eletri eld inreases (see Fig. 2). The small resonane feature whih appears at the
eletri eld strength of approximately 16 kV/m in the solid urve arises from an eletri-
eld-indued resonane arising from the intrinsi p-wave resonane just above 1066 G whih
shifts to lower magneti eld (higher energy) as the eletri eld inreases. In the same
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plot, the dotted urve shows a resonane feature due to the shift of an eletri-eld-indued
resonane arising from the intrinsi p-wave resonane at 882 G. Fig. 3 shows the p-wave state
responsible for this resonane shifts to lower magneti elds (higher energy) as the eletri
eld inreases.
In the presene of an eletri eld, the ouplings between dierent partial wave states
an push the bound states in, for example, the s-wave and p-wave interation potentials
apart. This level repulsion gives rise to the eletri-eld-indued shift of the intrinsi s-
and p-wave magneti FRs. Sine the ouplings depend on the orbital angular momentum
projetion, ml, we also expet the eletri eld indued oupling to also split FRs for states
of non-zero angular momenta. This mehanism is illustrated in Fig. 7 where three adjaent
bound state levels are shown as well as the oupling indued by an applied eletri eld
with γ = 0. Without external eletri elds, the bound states in the p-wave interation
potential are degenerate, whereas the eletri eld lifts this degeneray. In the ase where
the eletri eld points along the quantization axis (γ = 0), the ml = 0 bound state in the
p-wave potential is oupled to bound states in both the s- and d-wave potentials whereas the
|ml| = 1 bound states are only oupled to bound states in the d-wave potential. This ours
beause the system is ylindrially symmetri and the ouplings between internal spin states
and partial wave states are negligible. As a result, the oupled states repel and the ml = 0
state is shifted dierently than the |ml| = 1 states splitting the p-wave resonane into a
doublet. For the purposes of simplifying the disussion, we have negleted the oupling to
yet higher order partial wave states and we have negleted the possible presene of other
losed hannel states in the near viinity. This mehanism generally applies to all nonzero
partial waves. For a state with an orbital angular momentum l, the number of peaks is
l + 1 orresponding to the number of distint values for |ml|. Fig. 8 and Fig. 9 show the
splitting of a p-wave and a d-wave FR, respetively. In the presene of a 100 kV/m eletri
eld, the p-wave resonane splits into two peaks (orresponding to the |ml| = 1 and ml = 0
omponents) with a separation of 4 G (dash-dot line in Fig. 8). The shift of the |ml| = 1
peak in Fig. 8 to higher magneti elds (lower energy) is onsistent with oupling between
the p-wave bound states and a d-wave state whih resides at a higher energy (illustrated
in Fig. 9). The splitting of a d-wave bound state gives rise to three separated resonanes
and is shown in Fig. 9. An interval of 1 G opens up between ml = 0 and |ml| = 1 and
the an interval of 2 G appears between |ml| = 1 and |ml| = 2. Sine it is only very weakly
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oupled to higher partial-wave states, the |ml| = 2 omponent remains in essentially the
same loation as the resonane at zero eletri eld.
The splitting of FRs in states with non-zero orbital angular momenta has been previously
disovered in experiments by Jin and oworkers [20℄ and studied theoretially by Tiknor et
al. [21℄. They found that p-wave FRs for ollisions of homonulear gases of 40K split into
a doublet due to the magneti dipole-dipole interation. In the work presented here, we
neglet the magneti dipole-dipole interation sine it produes a negligible eet ompared
to the eletri eld oupling and the splitting we predit for FRs is entirely due to the eet
of the eletri eld. As disussed in [20℄, the ability to introdue and tune an anisotropi
interation using high-partial-wave resonanes may have far reahing onsequenes for the
study of novel forms of superuidity using old atomi gases [24℄.
The splitting of the nonzero-partial-wave resonanes arising from magneti dipole-dipole
interations is very small and will disappear as the resonane beomes broad with inreasing
temperature. In ontrast, the splitting observed here, ourring for heteronulear atomi
mixtures, is more than an order of magnitude larger. This new phenomenon oers a om-
plementary way to produe and tune an anisotropi interation and to study its eet on
the many-body physis of heteronulear atomi gases.
So far, we have disussed the modiations of FRs indued by the appliation of an
eletri eld parallel to the magneti eld (γ = 0). In addition, we study the eet of non-
parallel elds (γ 6= 0). In Fig. 10, we show the variation of the total elasti ross setion for
p-wave ollisions given xed eletri (100 kV/m) and magneti elds as a funtion of the
angle between them γ. In the upper panel, the magneti eld was 877 G whih is near the
p-wave resonane for the ml = 0 omponent (see Fig. 8). Whereas, in the lower panel, the
magneti eld was 881.9 G and falls in between the ml = 0 and |ml| = 1 resonanes in the
p-wave doublet. In the latter ase, the variation of the ross setions as a funtion of γ is
only a fator of 10, while at a magneti eld near one of the resonanes, the ross setion
varies by almost 4 orders of magnitude as γ hanges by less than 30◦.
Fig. 11 presents the magneti eld dependene of the total elasti ross setion for dierent
omponents of p-wave sattering at γ = 45◦ near the intrinsi p-wave resonane at 882 G. In
this ase, beause the eletri eld ouples states of dieringml values, the doublet struture
of the p-wave resonane appears on eah of the three ml omponents of the open hannel.
This is in ontrast to the ase with γ = 0 shown in Fig. 8 where the oupling is only between
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states with the same ml value and eah omponent exhibits a single resonane. It should
be laried here that the eletri-eld-indued s-wave resonane arising from this p-wave
resonane exhibits only the single resonane orresponding to the ml = 0 omponent of
the p-wave bound state. This is beause (negleting the magneti dipole-dipole interation)
the orbital angular momentum projetion along the eletri-eld axis is onserved by the
Hamiltonian, and ml = 0 for s-wave ollisions in all oordinate frames. On the other hand,
a state with orbital angular momentum l and projetion ml dened with respet to the
magneti eld axis will be a linear ombination of states with all possible values of ml when
represented with respet to the eletri eld axis [25℄.
Fig. 12 presents the magneti eld dependene of the average p-wave elasti sat-
tering ross setion (averaged over all three omponents) for atoms in the spin state
|1
2
, 1
2
〉6Li ⊗ |1, 1〉87Rb at E = 100 kV/m and with three orientations of the eletri eld,
γ = 0◦, 45◦, and 90◦. The main point of this plot is to illustrate that the position of the
resonanes remains unhanged for dierent values of γ. This is partiularly important for
the experimental searh for these eets sine it means that any variation of the orientation
of the eletri and magneti elds does not adversely aet the visibility of these multiplet
features. Consequently, any inhomogeneities in the diretion of the eletri eld over the
onnement size of the atomi ensemble would also not aet their visibility. Of ourse,
sine the positions of the resonanes do depend on the eletri eld strength, any inhomo-
geneities in the magnitude of the eletri eld would result in inhomogenous broadening of
the observed resonanes.
IV. CONCLUSIONS
We have presented quantitative preditions of the eets of ombined external eletri
and magneti elds on elasti ollisions in ultraold LiRb mixtures. This work is the rst
analysis of eletri-eld-indued interations based on preise, experimentally veried inter-
atomi potentials. In addition, we have provided important insights into the detailed physial
mehanism of eletri-eld-indued interations in ultraold binary mixtures of alkali metal
atoms. We have shown that the eletri eld both shifts the position of intrinsi FRs and
generates opies of resonanes previously restrited to a partiular partial-wave ollision to
other partial wave hannels. To failitate the experimental searh for these phenomena,
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we have provided preditions for the positions and widths of eletri-eld-indued FRs for
several spin states and we have analyzed the eets of a non-parallel orientation of the eletri
eld with respet to the magneti eld on ultraold elasti ollisions. We also have reported
for the rst time the observation that the oupling indued by eletri elds splits FRs into
multiple resonanes for states of non-zero angular momenta. It was reently observed that
the magneti dipole-dipole interation an also lift the degeneray of a p-wave state splitting
the assoiated p-wave FR into two distint resonanes at dierent magneti elds [20, 21℄.
The primary dierenes with that work are that the splitting studied here is produed only
in heteronulear ollisions, is ontinuously tunable using an applied eletri eld, and is
more than an order of magnitude larger than the splitting indued by magneti dipole-
dipole interations. We believe the additional degrees of ontrol oered by eletri-eld
interations will play an important role in future experiments on the many-body physis of
heteronulear atomi gases.
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TABLE I: Denition of quantum numbers used in this paper.
l orbital angular momentum of the diatomi system
ml projetion of l on the spae-xed quantization axis
S total eletroni spin angular momentum of the diatomi system
MS projetion of S on the spae-xed quantization axis
ILi nulear spin angular momentum of Li
MILi projetion of ILi on the spae-xed quantization axis
IRb nulear spin angular momentum of Rb
MIRb projetion of IRb on the spae-xed quantization axis
SLi eletroni spin angular momentum of Li
MSLi projetion of SLi on the spae-xed quantization axis
SRb eletroni spin angular momentum of Rb
MSRb projetion of SRb on the spae-xed quantization axis
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TABLE II: The positions (B0) and widths (∆B) of s-wave resonanes indued by an external eletri
eld of 100 kV/m for
6
Li
87
Rb at magneti elds below 2 kG. (d) denotes an s-wave eletri-eld-
indued Feshbah resonane arising from a seond order oupling through the p-wave hannel to a
d-wave losed hannel state. As a onsequene, these resonanes are exeedingly narrow.
Atomi States B0 ∆B
|f,mf 〉6Li |f,mf 〉87Rb (G) (G)
|12 , 12〉 |1, 1〉 536.65 (d) 0.01
877.5 2.3
654.52 < 0.01
|12 , 12〉 |1, 0〉 555.88 (d) < 0.01
885.8 2.6
|12 ,−12〉 |1, 1〉 578.58 (d) 0.01
707.70 < 0.01
770.50 < 0.01
|12 ,−12〉 |1, 0〉 596.01 (d) < 0.01
926.8 2.6
|32 , 32〉 |1,−1〉 1242.5 12.7
16
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FIG. 1: (Color online) The oordinate system used for our alulations.
~E and ~d represent the
vetor of the external eletri eld and the dipole moment vetor, respetively; γ speies the angle
between the eletri eld vetor and the quantization axis; θ is the angle between the dipole moment
vetor and the z-axis; and χ is the angle between ~E and ~d. The azimuthal angles, φγ and φθ, are
measured from the positive x-axis to the orthogonal projetion of the ~E and ~d vetors in the x-y
plane.
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FIG. 2: (Color online) Magneti eld dependene of the elasti ross setion for ollisions between
Li and Rb in the atomi spin state |12 , 12 〉6Li ⊗ |1, 1〉87Rb. These results were obtained for a ollision
energy of 10−7cm−1 and two dierent eletri elds. The solid and dash-dotted urves show the s-
and p-wave ross setions with E = 0, while the dotted and dashed urves show the s- and p-wave
ross setions when E = 100 kV/m. Here, only the ross setion for the ml = 0 state is shown for
p-wave sattering. At A an s-wave resonane is indued by an intrinsi p-wave resonane. Figure
3 shows this feature in more detail. At B and at C an intrinsi s-wave resonane is shifted to
higher magneti elds (orresponding to a shift of the assoiated bound state to lower energy) due
to the eletri eld oupling between bound states. The observation that the shift of higher eld
resonanes (e.g. C) is typially larger than that of lower eld resonanes (e.g. B) is disussed in
the text. At D an intrinsi p-wave resonane is shifted to lower magneti elds (orresponding to a
shift of the assoiated bound state to higher energy). At E an indued p-wave resonane appears
(invisible on this sale) due to the intrinsi s-wave resonane at C.
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FIG. 3: (Color online) Magneti eld dependene of s- and p-wave elasti ross setions for atoms
in the atomi spin state |12 , 12〉6Li ⊗ |1, 1〉87Rb omputed at dierent eletri elds. This is the same
feature at A in Fig. 2. The solid and dotted urves show the s-wave ross setions at E = 0 and
E = 100 kV/m, respetively. The dot-dashed and dashed urves show the p-wave ross setions at
E = 0 and E = 100 kV/m, respetively. This intrinsi p-wave resonane shifts to lower magneti
eld (orresponding to the shift of the assoiated bound state to higher energy) as the eletri eld
magnitude is inreased. The s-wave indued resonane appears at the same loation as the intrinsi
p-wave resonane, and its width grows with the strength of the eletri eld (see Fig. 4). Here only
the ross setion of the ml = 0 omponent is shown for the p-wave state is shown (Fig. 8 shows the
ross setions for all three omponents). The ollision energy is 10−7cm−1.
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FIG. 4: (Color online) The width (∆B) of the s-wave eletri-eld-indued Feshbah resonane
arising from the intrinsi p-wave resonane at 882 G as a funtion of the eletri eld magnitude.
Here γ = 0 and the ollision energy is 10−7cm−1. The width appears to sale quadratially with
E, at least for the eletri elds below 200 kV/m, and suggests that this indued resonane arises
from an indiret oupling [23℄. The solid line is the t ∆B = 1.76× 10−4 E2 G, where E is in units
of kV/m.
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FIG. 5: (Color online) Magneti eld dependene of the s-wave elasti ross setion for atoms in
the atomi spin state |12 ,−12〉6Li ⊗ |1,−1〉87Rb omputed at dierent eletri elds: E = 0 kV/m
(solid urve), E = 30 kV/m (dotted urve), E = 70 kV/m (dashed urve) and E = 100 kV/m
(dot-dashed urve). An intrinsi s-wave resonane (whose position is 1611 G in the absene of an
eletri eld) is observed to shift to lower magneti elds as the eletri eld strength is inreased.
Note: the shift diretion is in the opposite sense to that of the intrinsi s-wave resonanes in Fig. 2.
These results were obtained with a ollision energy of 10−7cm−1.
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FIG. 6: (Color online) Variation of the ross setion for s-wave ollisions as a funtion of the eletri
eld strength with the magneti eld xed at 1066 G (solid line) and 878 G (dotted line) for atoms
in the spin state |12 , 12〉6Li⊗|1, 1〉87Rb. The large resonane feature shown in the solid urve is due to
the shift of the intrinsi magneti Feshbah resonane just below 1066 G to higher magneti elds,
while the small resonane feature at 16 kV/m arises from the shift of an intrinsi p-wave resonane
just above 1066 G to lower magneti elds as the eletri eld inreases. The dotted urve shows a
resonane feature assoiated with an eletri-eld-indued resonane (shown in Fig. 3) whih moves
from 882 G at E = 0 down to a magneti eld below 877 G at E = 120 kV/m. The ollision
energy is 10−7cm−1.
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FIG. 7: (Color online) A shemati illustrating the mehanism of the splitting of p- and d-wave
bound states resulting in the splitting of the orresponding Feshbah resonanes. For simpliity,
only three adjaent bound state levels are shown. The dierent partial wave potentials of eah
state are on this sale almost indistinguishable and are drawn here as a single potential. The inset
shows the energy levels assoiated with these three states. The dotted lines indiate their energies
in the absene of an eletri eld. The oupling indued by the eletri eld is represented as
double-ended arrows and shown for the ase when the eletri eld is aligned along the magneti
eld, i.e. when γ = 0 states with the same ml value are oupled. The oupling results in level
repulsion and the new position of the states is indiated by the solid lines. The degeneray of the
p- and d-wave bound states is broken and the assoiated Feshbah resonane splits into a multiplet
with l + 1 distint resonanes as shown in Figs. 8 and 9. This simple piture predits that the
s-wave resonane should shift to higher magneti elds (given the energy of the threshold moves
down with inreasing magneti elds) and that the ml = 0 partial wave omponent should produe
a new resonane at a magneti eld below the ml = 1 omponent - onsistent with the motion of
the resonanes in Fig. 2 and Fig. 8. Of ourse, eah state is oupled to all other bound states within
the same spin manifold and with an orbital angular momenta diering by ∆l = ±1, resulting in
splittings and shifts (e.g. Fig. 5) whih may not follow the preditions of this simple piture
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FIG. 8: (Color online) Magneti eld dependene of p-wave elasti ross setion (averaged over all
three orbital angular momentum omponents) for atoms in the atomi spin state |12 , 12〉6Li⊗|1, 1〉87Rb
omputed at zero eletri eld (solid urve) and at E = 100kV/cm (dot-dashed urve). The thin
dotted urves show the magneti eld dependene of the ross setion for the |ml| = 1 and them = 0
omponents separately. The p-wave resonane splits into two distint resonanes, one ourring for
the ml = 0 omponent and one for the |ml| = 1 omponents. When the eletri and magneti elds
are not o-linear, this segregation of the resonane multiplet breaks down as seen in Fig. 12. The
ollision energy is 10−7cm−1.
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FIG. 9: (Color online) The upper panel shows the magneti eld dependene of the d-wave elasti
ross setion for atoms in the atomi spin state |12 , 12〉6Li⊗|1, 1〉87Rb omputed at zero eletri elds
(dotted-dashed urve). The lower panel shows the magneti eld dependene of d-wave elasti ross
setion (solid urve). The ontributions to the ross setion from the |ml| = 2, |ml| = 1 and the
m = 0 omponents are shown (dotted urves) at E = 100 kV/m. The d-wave resonane splits into
l+ 1 = 3 distint resonanes orresponding to the splitting of the d-wave bound state levels drawn
shematially in the lower panel. The ollision energy is 10−7cm−1.
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FIG. 10: (Color online) Total elasti ross setion for dierent omponents of p-wave sattering
versus the angle, γ, between the applied eletri and magneti elds. The ross setions are shown
for ollisions in the ml = 0 state (dashed urve), the |ml| = 1 states (dotted urve), and the average
(solid urve) of the ross setions over all three omponents for the atomi state |12 , 12〉6Li⊗|1, 1〉87Rb
and for E = 100 kV/m . The upper panel shows these ross setions at an applied magneti eld
of 877.0 G whih is near the resonane for the ml = 0 omponent while the lower panel is at a eld
of 881.9 G whih is in between the resonanes for the ml = 0 and |ml| = 1 omponents (see Fig. 8).
We observe that the shape of this variation hanges dramatially near a resonane. The ollision
energy is 10−7cm−1.
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FIG. 11: (Color online) Magneti eld dependene of the elasti ross setion for dierent ompo-
nents of p-wave sattering with an eletri eld, E = 100 kV/m, titled with respet to the magneti
eld axis by γ = 45◦. The ross setions are shown for ollisions in the ml = 0 state (dashed urve),
the |ml| = 1 states (dotted urve), and the average (solid urve) of the ross setions over all three
omponents for the atomi state |12 , 12 〉6Li⊗|1, 1〉87Rb. The doublet struture of the p-wave resonane
seen also in Fig. 8 now appears on eah of the three angular momentum projetion omponents.
The ollision energy is 10−7cm−1.
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FIG. 12: (Color online) Magneti eld dependene of elasti ross setions for atoms in the atomi
spin state |12 , 12〉6Li ⊗ |1, 1〉87Rb omputed at E = 100 kV/m with the orientation of the eletri
eld at γ = 0◦ (solid urve), 45◦ (dotted urve), and 90◦ (dot-dashed urve). The ollision energy
is 10−7cm−1.
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